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Entanglement is a physical resource of a quantum system 
just like mass, charge or energy. Moreover it is an essen-
tial tool for many purposes of nowadays quantum infor-
mation processing, e.g. quantum teleportation, quantum 
cryptography or quantum computation. In this work we 
investigate an extended system of N qubits. In our system 
a qubit is the absence or presence of an electron at a site 
of a tight-binding system. Several measures of entangle-
ment between a given qubit and the rest of the system 
and also the entanglement between two qubits and the 
rest of the system is calculated in a one-electron picture 
in the presence of disorder. We invoke the power law 
band random matrix model which even in one dimension 
is able to produce multifractal states that fluctuate at all 
length scales. The concurrence, the tangle and the entan-
glement entropy all show interesting scaling properties. 
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1 Introduction 
The concept of entanglement [1] is believed to play an 
essential role in quantum information processing [2]. It lies 
in the heart of quantum mechanics, it is a manifestation of 
the genuinely quantum correlations. For instance quantum 
teleportation, a technique for moving a quantum state be-
tween two places requires the use of entangled states. The 
characterization of entanglement occurring in diverse sys-
tems both sheds new light on the detailed properties of the 
systems and explores the applicability of the systems in 
terms of quantum communication and quantum computing.  
A number of characteristics have been developed in 
order to characterize entanglement in a bipartite or a multi-
partite system. In many cases systems with a small Hilbert 
space were considered. Due to the existence of an appro-
priate isomorphism between N qubits (spins) and the many 
body systems of N fermions extended systems start to be in 
the frontline of the investigation. Among them recently a 
number of authors studied the effect of quasiperiodicity [3] 
or disorder [4]. The spatial extent of the eigenstates plays a 
crucial role in the entangling properties of the system. Here 
we study the effect of critical, i.e. multifractal wave func-
tions that occur at the metal-insulator transition in the 
Anderson problem [5]. 
2 Entanglement measures 
Given a closed system described by a hamiltonian H, 
we may divide it into subsystems A and B. A pure state is 
not separable, i.e. entangled, if it is not possible to decom-
pose it simply over the direct product of A and B. In other 
words the Schmidt decomposition of a state Ψ  consists 
of more than one term [2]. Then the entanglement may be 
quantified using several measures.  
The entanglement entropy is simply the von Neumann 
entropy of the reduced density matrix of subsystem A, { }ΨΨ= BA Trρ , 
{ })log(Tr)( AAAE ρρρ −=  (1) 
This quantity is identical to )( BE ρ . Another quantity 
has been introduced by Meyer and Wallach [6] and has 
been used widely in the case of multipartite systems. It is 
called tangle and is directly related to the quantity that 
measures the mixedness or the purity of Aρ . This quantity 
is defined as 
)Tr1(2)( 2AAQ ρρ −=  (2) 
which in fact is another entropy, the linear entropy. 
2 Author, Author, and Author: Short title 
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In the case of a bipartite system with two qubits, one of 
the most popular measures of entanglement is the concur-
rence introduced by Wootters in [7]. It is obtained from the 
eigenvalues of matrix 
)(*)( yyAyyAAR σσρσσρ ⊗⊗= . 
The sorted eigenvalues 1λ , 2λ , 3λ  and 4λ  form the concur-
rence the following way 
),0max()( 4321 λλλλρ −−−=AC . (3) 
All the above measures of entanglement vanish for 
separable states and attain their maximum for maximally 
entangled states. 
3 Entanglement in extended systems 
A linear chain consisting of N sites serve as the system 
where entanglement is investigated. Each site may be oc-
cupied by an electron therefore the absence or presence of 
a particle on a site behaves as a qubit. The N qubit system 
has a Hilbert-space of N2 elements. In the present work we 
restrict ourselves to the single-particle problem reducing to 
an N-dimensional subset of the Hilbert-space. A given state 
will be expanded in this space as 
1...000...0...0100...100 21 Nψψψ +++=Ψ  (4) 
In the case of analyzing a single qubit, say the ith one, 
out of the whole system the natural basis is 01 =
A
 and 
02 += iA c , spanning a two dimensional space, where 0 is the vacuum state. In this case the reduced density 
matrix of a pure state Ψ is 





 −
=
i
i
i q
q
0
01ρ , (5) 
Where 
2
iii nq ψ== is the occupation number at site i in 
the given state. A straightforward analysis gives the re-
duced density matrix for a two-qubit subsystem yielding 
the so-called standard density matrix 












=
y
u
zw
v
zi
000
00
00
000
ρ , (6) 
where the non-vanishing elements of the density matrix are 
given as ynnv ji +−−= 1 , ynw i −= , ynu j −= , 
jniny = , ij ccz
+
= . In our case we put one single 
electron into the lattice therefore we have 0=y . 
The concurrence can be calculated for the above case 
of two qubits yielding the following simple form 
||2 jiijC ψψ= . (7) 
In the case the state Ψ  is an eigenstate µ  of the 
system we may calculate average values of these entan-
glement measures. For instance the average concurrence 
can be readily calculated as 
( )[ ]1||11 2 −∑== ∑
< i
iji
ij
M
C
M
C µµ ψ  (8) 
where 2/)1( −= NNM . Moreover the average of the 
square of the concurrence can be averaged to give 
( ) ( )12 12 −−= µµ D
M
C  (9) 
where  
( ) 12|| −∑=
i
iD
µ
µ ψ  (10) 
is the delocalization measure (participation number) of the 
eigenstate. For extreme localization 1=µD , then the l.h.s 
of Eq. (9) vanishes because the state is separated onto one 
of the qubit-pairs, hence it is not entangled. For complete 
delocalization ND =µ , therefore the maximum value of 
entanglement is obtained. 
An appropriate average value of (2) gives [4] 
( )114 −−= µµ DNQ . (11) 
Therefore both tangles, the average of the square of the 
concurrence and the Meyer-Wallach measure are simply 
related to the spatial localization properties of the states. 
As for the entanglement entropy we were unable to obtain 
a closed form as simple as Eqs. (10) and (11). 
4 Disordered model systems at criticality 
The system we consider here is a random matrix model 
in 1=d . The matrix elements are drawn from a random 
distribution with zero mean, 0=ijH , and a variance that 
decays in a power law fashion as a function of the distance 
from the diagonal 
( ) 122 ||sin
1
−














−
+∝
α
pi
pi
Nb
Nji
H ij  (12) 
In the limit Nji <<−<< ||1 this means that the vari-
ance behaves as 
α2
2
|| 




−
∝
ji
b
Hij .  
The spectral fluctuations and the properties of the wave 
functions share many characteristics with those of the 
Anderson model [5, 8]. The model for 1<<α has a limit 
like a conventional random matrix ensemble with corre-
lated spectrum and extended states, whereas for 1>>α it 
pss-Header will be provided by the publisher 3 
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behaves like a banded random matrix ensemble with 
bandwidth b, in which case as ∞→N , the levels become 
uncorrelated and the corresponding eigenstates are local-
ized. The value 1=α is marginal and then the system 
shows the behaviour just like that observed at the Ander-
son transition in 3≥d : the spectra still show level repul-
sion but with also signs of no correlations and the eigen-
states are multifractals. On the one hand this model is one 
dimensional, therefore linear scaling with system size is 
numerically easier. On the other hand, at 1=α we have 
not only a critical point but a continuous line of criticality 
parameterized with the effective bandwidth b. This pa-
rameter acts similarly as the critical conductance for the 
conventional Anderson transition. For 0.1>>b  we have 
again a limit similar to the one described by random matrix 
theory. This is the regime accessible to analytical calcula-
tions based on a nonlinear σ-model [8]. For 0.1<<b , on 
the other hand, a new type of virial expansion has been de-
veloped in [9]. Very recently the supersymmetry method 
has also been applied in this regime [10]. 
In our numerical simulation we have diagonalized ma-
trices of size 2048,,128 K=N . The average values of the 
entanglement measures have been further averaged over a 
window around the center of the band and over many re-
alizations yielding high accuracy statistics. 
4 Results and discussion 
4.1 Fixed b, varying α  
As a first step we show the behaviour of the entangle-
ment measures as a function of parameter α keeping pa-
rameter b fixed. Since at 1=α a phase transition occurs 
we expect scale invariance, as well. As it is already noted 
in [3] for the states of a random matrix taken from the or-
thogonal class the average concurrence is 
14 −
= NC
RMT
pi
 (13) 
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Figure 1 For 1.0=b scaling of the concurrence with N as a 
function of α. The inset shows that as 0→α  the concurrence 
approaches its RMT value. 
Therefore in Fig. 1 the inset shows that indeed as 
0→α , we have pi4=NC . On the other hand the main 
panel shows that a scaling with N with an exponent be-
tween 1 and 2 does provide scale invariance, as expected, 
at 1=α . 
The value of the exponent y as a function of b shows a 
fast decrease towards unity. A few more calculations allow 
us to deduce that as long as 1.0≥b the exponent y seems to 
behave as 
11 −∝− by . (14) 
On the other hand as 0→b , 2→y is expected [3]. 
The entanglement entropy shows similar behaviour as 
given in Fig. 2. The inset in Fig. 2 is the average single 
particle entropy of the states divided by )log(N , which 
shows scale invariance at the transition point. Its value is 
the information dimension 1D . 
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Figure 2 For 0.1=b scaling of the entropy of entanglement 
with N as a function of α. The inset shows the scaling of the in-
formation dimension 1D . 
4.2 Behaviour at the critical point (α=1) 
Next we investigate how the system behaves at critical-
ity. We will present results of concurrence and tangle. A 
detailed analysis is left for a future publication. 
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Figure 3 Universal scaling of concurrence (3) at criticality. 
4 Author, Author, and Author: Short title 
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Both the concurrence and the tangle are expected to be 
monotonous functions of b. In Figs. 3 and 4 we can clearly 
see a universal behaviour of the form 
)(1 bNfNX X γ−= , (15) 
Where X stands for either C or Q. The exponents with 
a yet unknown origin are different even in sign. The form 
of universal scaling, Eq. (15) resemble a recent finding of 
[11] in which fractal nature of the von Neumann entropy 
was found for quantum phase transitions, like the Ander-
son transition. 
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Figure 4 Universal scaling of the tangle (2) at criticality. 
The energy resolution of the entanglement measures 
may also give interesting universal scaling curves. In Fig. 5 
we plotted the weighted density of states using the tangle 
quantities defined as 
∑ −=
µ µµ
δ )()( EEQEQ . (16) 
A scaling of the form 
)()( NEhNEQ ν−=  (17) 
was found with 48.0=ν . 
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Figure 5 Universal scaling of the energy resolution of the tangle 
according to Eq. (17). Here 0.1=b . 
5 Conclusions 
We have analyzed the entanglement properties of 
qubits arranged in a linear chain forming a ring where the 
intrinsic eigenstates change their nature according to a lo-
calization-delocalization transition characterized by multi-
fractality. We have obtained universal scaling functions 
and exponents that describe the system right at the transi-
tion. For the understanding of these results substantial nu-
merical experiments and analytical results are highly desir-
able.  
Entanglement is a new physical resource that may be 
analyzed in order to understand systems and physical mod-
els. Beyond this advantage entanglement is obviously the 
tool to exploit the quantum correlations inherent in differ-
ent systems that could be the basis for designing quantum 
computers. In this respect similar investigations are neces-
sary to get a deeper insight into these issues. 
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